Abstract. We classify nodal Fano threefolds that are double covers of smooth quadrics branched over intersections with quartics acted on by finite simple non-abelian groups, and study their rationality.
Introduction
In this paper we study double covers of three-dimensional quadrics branched over intersections with quartics. For simplicity we will sometimes call such varieties just double quadrics. They are Fano threefolds of Picard rank 1, index 1 and anticanonical degree 4 (provided that their singularities are sufficiently good). Double quadrics are degenerations of quartic hypersurfaces (see e.g. [18, §12.2] ), and share many birational properties with the latter. Rationality questions for double quadrics were studied in [27] , [19, §2.2] , [14] , [15] , and [29] .
Motivated by a study of finite subgroups of Cremona groups, we are interested in the following problem. Given a finite group G and a deformation family X of Fano varieties, we would like to be able to tell which of the varieties of X are acted on by G, and which of them are G-Fano varieties (see e.g. [23, §1] or [24, §1] for a definition). The case that is currently most challenging is when X is some family of Fano threefolds, and G is a simple non-abelian group (cf. [26] ). In [6] this question was studied for quartic double solids with an action of the icosahedral group A 5 . The purpose of this paper is to study double quadrics from this point of view.
Our first result is a classification of possible finite simple non-abelian groups acting on double quadrics with mild singularities. Proposition 1.1. Let G be a finite simple non-abelian group. Suppose that G acts by automorphisms of a threefold X that is a double cover of an irreducible quadric branched over an intersection with a quartic. Then one has either G ∼ = A 6 , or G ∼ = A 5 . In the former case the variety X is unique, its singularities are (isolated) ordinary double points, and X is non-rational.
As one can see from Proposition 1.1, the most interesting group we have to deal with is the icosahedral group A 5 . Our second result is a more refined classification of double quadrics with icosahedral symmetry. Theorem 1.2. There exist a two-parameter family X µ,ν , µ, ν ∈ C, of threefolds, and a threefold X irr such that X µ,ν and X irr are acted on by the icosahedral group A 5 , and the following properties hold.
(i) Suppose that the group A 5 acts by automorphisms of a threefold X that is a double cover of a smooth quadric branched over an intersection with a quartic. Suppose also that X has at most isolated singularities. Then either there is an A 5 -equivariant isomorphism X ∼ = X µ,ν for some µ and ν, or there is an A 5 -equivariant isomorphism X ∼ = X irr . (ii) The varieties X µ,ν are non-rational up to a finite number of possible exceptions. (iii) A very general variety X µ,ν is not stably rational.
(iv) The variety X irr is non-rational. Remark 1.3. We will see in §6 that the variety X irr from Theorem 1.2 is actually isomorphic to some variety X µ,ν . However, there is no A 5 -equivariant isomorphism between these two varieties, i.e. the corresponding two actions of the group A 5 are nonconjugate in the automorphism group of X irr . To be more precise, for every (µ, ν) the space H 0 (X µ,ν , −K Xµ,ν ) is the (reducible) five-dimensional permutation representation of the group A 5 , while H 0 (X irr , −K X irr ) is the irreducible five-dimensional representation of A 5 . Moreover, we will see that there is an action of the group A 6 on X irr , so that X irr also coincides with the variety described in Proposition 1.1. The two types of A 5 -actions on X irr correspond to two non-conjugate embeddings of A 5 into A 6 . As for the threefolds X µ,ν , we will see in Remark 4.14 that they indeed form a two-parameter family up to isomorphism. Theorem 1.2 gives a reasonable (although still not complete) answer to rationality questions for the family X µ,ν and for the variety X irr that were asked in [7, Example 1.3.6] and [7, Example 1.3.7] , respectively. There are still some exceptional cases among the varieties X µ,ν one has to deal with (see Corollaries 4.16 and 6.6, and also Table 1 ). It is possible that some of these varieties are actually rational. However, we are not aware of any rationality constructions for double quadrics with ordinary double points that can be adapted for the case of large automorphism groups. This is somehow opposite to the situation with rational quartic threefolds that were extensively studied in the literature, see e.g. [30] , [31] , [32] , [22] , and [8] . Maybe some of the above exceptional cases could be a starting point for a search of rationality constructions for double quadrics.
The plan of the paper is as follows. In §2 we make some preliminary remarks about double quadrics and their automorphisms. In §3 we rule out most of the groups in question via their representation theory, and prove (most of) Proposition 1.1. In §4 we classify singular complete intersections of a smooth quadric and a quartic in the projectivization of the five-dimensional permutation representation of the group A 5 , and make some conclusions about their non-rationality. In particular, in §4 we prove Theorem 1.2(i) and give the most essential part of the proof of Theorem 1.2(ii). Although the material of §4 is totally computational, this is the main technical part of the paper, modulo which all the rest boils down to well-known constructions. In §5 we produce a construction of double quadrics that are not stably rational similar to a famous Artin-Mumford construction of non-stably rational quartic double solids (see [1] , or rather [2, Appendix] for an approach that we actually use), which proves Theorem 1.2(iii). Although we do not know any literature explicitly describing a construction like this for double quadrics, it was definitely known for a while, cf. [17, Remark 4.3] , see also Remark 5.9 below for more references. Finally, in §6 we discuss non-rationality of the variety X irr using the approach of [3] and use it to make final conclusions about non-rationality of certain varieties X µ,ν . This proves Theorem 1.2(iv) and completes the proofs of Proposition 1.1 and Theorem 1.2(ii).
Notation and conventions. We work over the field C of complex numbers. By S n and A n we denote the symmetric and the alternating group on n letters, respectively. By Cl(X) we denote the group linear equivalence classes of Weil divisors on a variety X. By an ordinary double point we always mean an isolated singularity that is locally (analytically) isomorphic to a singularity of a quadratic cone of an appropriate dimension. By a very general element of an algebraic family we mean an element in a complement to a countable union of Zariski closed subsets.
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Preliminaries
Let τ : X → Q be double cover of an irreducible three-dimensional quadric Q branched over a reduced surface S that is cut out on Q by a quartic. We will be interested in the case when X has terminal singularities. In particular, in this situation both Q and S have isolated singularities, so that S is irreducible. Note that the singularities of X lie either over the vertex of Q (if Q is a cone), or correspond to the singularities of S.
Remark 2.1. Recall from [27] (or [19, §2.2] ) that X is non-rational provided that Q and S are smooth. Also, if Q is a cone with an isolated singularity and S is a smooth surface that does not pass through the vertex of Q (so that X has two singular points), the threefold X is non-rational as well (see [15] ). Note however that if Q is a cone with an isolated singularity then X cannot be a G-Fano variety with respect to any simple non-abelian group G. Therefore, we will be mostly interested in the case when Q is smooth and S is singular.
We will need the following general auxiliary result. Lemma 2.2. Let Y ⊂ P n be a linearly normal Gorenstein variety that is not contained in a hyperplane. Suppose that a group G acts on Y so that the class of the line bundle
for some (non-zero) integer i, where ω Y is the canonical line bundle on Y , and suppose that the numbers i and n + 1 are coprime. Then the line bundle O Y (1) has a G-equivariant structure.
Proof. Since the class of
∨ that agrees with the initial action of G on Y . The line bundle ω P n ∼ = O P n (−n − 1) has a G-equivariant structure, and the same holds for its restriction to Y . Also, the line bundle ω Y has a G-equivariant structure. By assumption there are integers a and b such that
has a G-equivariant structure as well.
Lemma 2.3 (cf. [6, Remark 2.2]).
Suppose that X admits a faithful action of a finite group G. Then there is a natural action of G on P 4 such that Q is G-invariant, and the surface S is cut out on Q by a G-invariant quartic in P 4 . Vice versa, fix an action of G on Q such that the surface S is invariant, and suppose that S corresponds to a trivial subrepresentation of G in
, where H is a hyperplane section of Q. Then G acts on the threefold X.
Proof. To prove the first assertion note that the morphism τ is given by the linear system | − K X |. Thus the group G acts on Q so that S is G-invariant. One has Q ⊂ P 4 , and there is a G-equivariant identification of the linear systems |O P 4 (1)| and |O P 4 (1)| Q |. In particular, S is cut out on Q by a G-invariant quartic in P 4 . To prove the second assertion suppose that G acts on Q so that S is G-invariant. One has Q ⊂ P 4 , and P 4 is identified with a projectivization of the G-representation
The threefold X has a natural embedding to the projectivization of the vector bundle
. The vector bundle E has a G-equivariant structure by Lemma 2.2. By assumption the group G acts trivially on the one-dimensional subspace of Sym 4 (U) corresponding to S, so that X is given by an equation in the projectivization of E.
Representations
Lemma 3.1. Let G be a finite simple non-abelian group. Suppose that G acts by automorphisms of a threefold X that is a double cover of an irreducible quadric branched over an intersection with a quartic. Then either G ∼ = A 6 , or G ∼ = A 5 . In the former case the variety X is unique.
Proof. By Lemmas 2.3 and 2.2 there exists a faithful five-dimensional representation V of the group G, and there is an irreducible (reduced) G-invariant quadric in P(V ). Suppose that G is not isomorphic to A 5 . We know from [12, §8.5] that G is one of the groups
Assume that G ∼ = PSp 4 (F 3 ). Then V is one of the two irreducible five-dimensional representations of G (see [10, p. 27] ). However, there are no G-invariant quadrics in P(V ), see e.g. [5] .
Assume that G ∼ = PSL 2 (F 11 ). Then V is one of the two irreducible five-dimensional representations of G, see [10, p. 7] . As in the previous case, there are no G-invariant quadrics in P(V ).
Assume that G ∼ = PSL 2 (F 7 ). Then V ∼ = I ⊕ I ⊕ V 3 , where I is a trivial representation and V 3 is one of the two irreducible three-dimensional representations of G, see [10, p. 3] . There are no one-dimensional G-subrepresentations in Sym 2 (V ∨ 3 ), see e.g. [20] . Thus, every G-invariant quadric in P(V ) is reducible (or non-reduced).
Finally, assume that G ∼ = A 6 . Then G has two faithful five-dimensional representations, and both of them are irreducible (see e.g. [10, p. 5] ). Moreover, the images of G in PGL 5 (C) under these two representations are conjugate. One can check that Sym 2 (V ∨ ) contains a unique trivial subrepresentation, and
where I is the trivial representation of G (which is also its only one-dimensional representation). One of the above trivial subrepresentations corresponds to a square of the A 6 -invariant quadratic form on V (that is unique up to scaling). Therefore, X is uniquely defined in this case.
Remark 3.2. Let X be the (unique) threefold that is a double cover of an irreducible quadric branched over an intersection with a quartic such that X has a non-trivial action of the group A 6 (see Lemma 3.1). We will see later in Section 6 that the singularities of X are ordinary double points.
Keeping in mind Lemma 3.1, in the rest of the paper we will work with double quadrics that admit a faithful action of the icosahedral group There are four faithful five-dimensional representations of the icosahedral group A 5 , namely:
Let x 0 and x 1 be coordinates in the A 5 -subrepresentation I ⊕ I, and let y 0 , y 1 , y 2 be coordinates in the
It is well-known that up to scaling there is a unique form of degree 2 in y 0 , y 1 , y 2 that is preserved by A 5 . We may assume that y 0 , y 1 , y 2 are chosen so that this form is y 2 ) = 0, where F 2 is a form of degree 2 and α ∈ C. In particular, this quadric contains the curve C given by equations
where G i is a form of degree i and β ∈ C. In particular, it is singular along the curve C. Therefore, every complete intersection of a quadric and a quartic in P(U) has non-isolated singularities.
By Remark 3.3 to classify three-dimensional double quadrics with isolated singularities that admit an icosahedral symmetry it remains to consider the A 5 -representations I ⊕ W 4 and W 5 . We will do this in the next sections.
Remark 3.4. In general, it is an interesting problem to classify Fano varieties with an action of some relatively large finite group, for example the icosahedral group A 5 . Apart from applications to classification of finite subgroups of Cremona groups, this often leads to really beautiful geometric constructions. We do not expect many examples like this among Fano threefolds of large anticanonical degree. However, it is possible that some interesting cases can arise among Q-Fano threefolds of large index (cf. [25] ) or smooth Fano fourfolds of large anticanonical degree (cf. [21] ).
Projectivization of the permutation representation
Consider the vector space I ⊕ W 4 as a permutation representation of the groups A 5 and S 5 , and put P 4 = P(I ⊕ W 4 ). Let x 0 , . . . , x 4 be homogeneous coordinates in P 4 that are permuted by S 5 . Put
It is easy to see that every reduced A 5 -invariant quadric in P 4 is given by equation
for some λ ∈ C. . If it is non-singular, there is an S 5 -equivariant linear change of coordinates such that after it Q is given by equation (4.1) with λ = 0.
Proof. The quadratic form associated to the quadric (4.1) is given by the matrix
One has det M = 5λ + 1, so the matrix is degenerate only for λ = − 1 5 , and this is the only case when the quadric is singular. Let λ = − 1 5 and let α be a root of the equation
Consider a linear change of coordinates putting
. Note that it is indeed an invertible change of coordinates, i.e. the corresponding matrix is non-degenerate. One has
Keeping in mind Lemma 4.1 and Remark 2.1, in the rest of this section we will ignore the case λ = − 1 5 and will denote by Q the quadric given by equation
i.e. by equation (4.1) with λ = 0. Every irreducible reduced A 5 -invariant intersection of Q with a quartic in P 4 is given by equations (4.3) and
for some µ, ν ∈ C. We will denote such intersection by S µ,ν . Writing down partial derivatives, we see that a point P ∈ P 4 is a singular point of the surface S µ,ν if and only if the form σ 2 and the determinants of the matrices
for all 0 i < j 4 vanish at P . Proof. Rewrite (4.5) as
We are going to show that |{1, x 1 , x 2 , x 3 , x 4 }| 3, i.e. the number of non-equal coordinates that are also not equal to 1 among x 1 , x 2 , x 3 , x 4 is at most 2. Indeed, suppose that x 1 , x 2 , and x 3 are three non-equal coordinates that are also not equal to 1. Consider the following cases.
• One has σ 1 (P ) = σ 3 (P ) = 0. From the vanishing of the determinant of M 0,i one gets either x i = 1 or x i (x i + 1) = 0 for every i = 1, . . . , 4. This means that x i ∈ {0, 1, −1}, so that condition (4.3) fails.
• One has σ 1 (P ) = 0, σ 3 (P ) = 0. From the vanishing of the determinant of M 0,i one gets
for i, j = 1, 2, 3, so that x i + x j + 1 = 0, which gives a contradiction with the assumption that all x k , k = 1, 2, 3, are different.
• One has σ 1 (P ) = 0. From the equalities det M 0,i = det M 0,j for i, j = 1, 2, 3 one gets
Hence
, which again gives a contradiction with the condition that all x k , k = 1, 2, 3, are different. Thus one can assume that x 1 = a, x 2 = b, and each of the coordinates x 3 and x 4 equals either 1, or a, or b. This together with equation σ 2 (P ) = 0 gives possibilities (i)-(iv) for P .
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Corollary 4.4. Let P = (x 0 , . . . , x 4 ) be a point such that σ 1 (P ) = 0. Then P is not a singular point of any surface S µ,ν .
Proof. Suppose that P is a singular point of a surface S µ,ν . Recalling equations (4.3) and (4.4), we see that
On the other hand, the point P must be of one of the types listed in Lemma 4.3. For the cases (i) and (ii) the assumption σ 1 (P ) = 0 fails. In the remaining two cases it is straightforward to check that the system of equations (4.8) has no solutions.
Corollary 4.5. Any surface S µ,ν has isolated singularities.
Proof. If S µ,ν has non-isolated singularities, then there is a singular point P of S µ,ν such that σ 1 (P ) = 0. The latter is impossible by Corollary 4.4.
We introduce the following notation:
• Σ 
Moreover, one can check that apart from the unique S 5 -fixed point in P 4 that corresponds to the trivial subrepresentation (and that is not contained in the quadric Q), the orbits Σ 30 . Corollary 4.7. Let P = (x 0 , . . . , x 4 ) ∈ S µ,ν be a point such that σ 1 (P ) = 0. Then P is singular on S µ,ν if and only if one of the following cases occurs.
(i) Up to permutation of coordinates one has P = (1 : 0 : 0 : 0 : i), so that P ∈ Σ 20 ; in this case
(ii) Up to permutation of coordinates one has P = (1 : 1 : i : i : 0), so that P ∈ Σ 30 ; in this case µ = − 1 6 , ν = − 1 48 .
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(iii) Up to permutation of coordinates one has P = (1 : 1 : 1 : 1 : 2i), so that P ∈ Σ (iii') Up to permutation of coordinates one has P = (1 : 1 : 1 : 1 : −2i), so that P ∈ Σ − 5 . Then P is a singular point of a surface S µ,ν if and only if (iv) Up to permutation of coordinates one has P = 1 : 1 : 1 :
i , so that
. Then P is a singular point of a surface S µ,ν if and only if
i.
(iv') Up to permutation of coordinates one has P = 1 : 1 : 1 :
(v) Up to permutation of coordinates one has P = (1 : 1 : 1 :
Proof. The value of µ is given by (4.7), and the value of ν can be found from (4.6).
Using Corollary 4.7, we derive the following facts.
Corollary 4.8. Suppose that P = (1 : 1 : 1 : a : b) and σ 2 (P ) = a 2 + b 2 + 3 = 0. Suppose also that a = 1, b = 1, and a = b, i.e. one has P ∈ Σ a,b 20 . Then one of the following cases occurs.
(i) Up to permutation of coordinates one has
Then σ 1 (P ) = 0, and P is not a singular point of any surface S µ,ν (cf. Corollary 4.4). (ii) One has σ 1 (P ) = 0. Then P is a singular point of a surface S µ,ν if and only if
Remark 4.9. In case (ii) of Corollary 4.8 one has
Corollary 4.10. Suppose that P = (1 : a : a : b : b), and σ 2 (P ) = 2a 2 + 2b 2 + 1 = 0. Suppose also that a = 1, b = 1, and a = b, i.e. one has P ∈ Σ a,b 30 . Then one of the following cases occurs.
Then σ 1 (P ) = 0, and P is not a singular point of any surface S µ,ν (cf.
Now we are ready to give a complete description of singular loci of the surfaces S µ,ν and the corresponding double covers. To do this we will need some additional notation.
• Let µ i.
• Let a 20,i be the roots of the equation i.
• Let a + 20,1 and b + 20,1 be two different roots of the equation
• Let a • Let a 
• Let a • Let a • Let a • Let a • Let a • Let a We denote by X µ,ν the double cover of Q branched over S µ,ν . Recall that the singularities of X µ,ν are ordinary double points if and only if the same holds for the singularities of S µ,ν . Define the defect δ(X µ,ν ) of the threefold X µ,ν as
where I ⊂ O P 4 is the ideal sheaf of the set Sing(S µ,ν ). Corollaries 4.7, 4.8, and 4.10 provide a complete information about singularities of the surfaces S µ,ν and thus also of the threefolds X µ,ν . Note that given a singular point P of S µ,ν one can check whether P is an ordinary double point of S µ,ν by making an appropriate (analytic) change of coordinates so that Q is given in a neighborhood of P by vanishing of some new coordinate z, and then finding the rank of the matrix of the second derivatives of the restriction of the quartic (4.4) to the subspace z = 0. Collecting all this information, we obtain the following result.
Corollary 4.12. Suppose that the surface S µ,ν is singular. Then one of the cases given in Table 1 occurs. In the first column of Table 1 we place the number of singular points |Sing(S µ,ν )|. In the second column we describe the set Sing(S µ,ν ) itself, namely, we list the S 5 -orbits whose union gives Sing(S µ,ν ). Note that in the 12th line we refer to non-ordered pairs a, b such that a 2 + b 2 + 3 = 0, a = 1, b = 1, a = b and a + b + 3 = 0; similarly, in the 20th line we refer to non-ordered pairs a, b such that 2a 2 + 2b 2 + 1 = 0, a = 1, b = 1, a = b, and 2a + 2b + 1 = 0. The corresponding pairs (µ, ν) are in the third column. In the forth column there are all pairs (µ, ν) for which the singularities of S µ,ν are not just ordinary double points. Finally, in the last column there is the defect δ(X µ,ν ). Remark 4.14. The affine plane A 2 = Spec C[µ, ν] is a parameter space for the threefolds X µ,ν , but not a moduli space: there do exist different pairs (µ, ν) and (µ ′ , ν ′ ) such that X µ,ν ∼ = X µ ′ ,ν ′ , and moreover the latter isomorphism is A 5 -equivariant (see Remark 5.2 below for such examples). However, there is still a two-parameter family of threefolds X µ,ν and a one-parameter family of singular threefolds X µ,ν up to isomorphism. Indeed, every isomorphism between X µ,ν and X µ ′ ,ν ′ gives rise to an element of Aut(P 4 ) ∼ = PGL 5 (C) that gives an isomorphism S µ,ν ∼ = S µ ′ ,ν ′ provided that S µ,ν and S µ ′ ,ν ′ have sufficiently nice singularities (which is the case for a general singular S µ,ν by Corollary 4.12). Choose a surface S µ,ν that has at most ordinary double points as singularities, and suppose that there is a one-parameter family of automorphisms
such that A t (S µ,ν ) = S µt,νt for some (µ t , ν t ). Then the action of A 5 is normalized by A t since the automorphism group of S µ,ν is finite, and thus A t actually commutes with the action of A 5 since the automorphism group of A 5 itself is finite. On the other hand, since I ⊕ W 4 is a sum of two irreducible A 5 -representations, there is only a one-parameter family of automorphisms of P 4 that commute with the action of A 5 . Moreover, we already know such one-parameter family, i.e. the family of coordinate changes used in the proof of Lemma 4.1. But a general automorphism from this family does not preserve the quadric Q, and thus does not map S µ,ν to any of the surfaces S µ ′ ,ν ′ since Q is the unique quadric passing through the surface S µ ′ ,ν ′ .
Remark 4.15. Vanishing of the defect for the threefolds X µ,ν described in the first five lines of Table 1 can be obtained not only by a direct computation, but also from [29, Proposition 1.5]. Now we are ready to make conclusions on (non-)rationality of the threefolds X µ,ν . It follows from [11, Theorem 2] (or rather from the proof of this theorem) that rk Cl(X µ,ν ) = 1 + δ(X µ,ν ) provided that X µ,ν has only ordinary double points as singularities. On the other hand, by [29, Theorem 1.1] the variety X µ,ν is non-rational provided that the singularities of X µ,ν are ordinary double points, and rk Cl(X µ,ν ) = 1. Therefore, Corollary 4.12 implies the following result.
14 Corollary 4.16. The varieties X µ,ν with |Sing(X µ,ν )| = 30 listed in Table 1 are nonrational up to a finite number of (possible) exceptions.
Proof. Note that there is only a finite number of pairs (µ, ν) such that the singularities of X µ,ν are at worse than ordinary double points (they are listed in the fourth column of Table 1 ). Moreover, among (µ, ν) such that |Sing(X µ,ν )| = 30 there is only a finite number of cases when the defect of X µ,ν does not vanish (see the fifth column of Table 1 ).
We will see later in Corollary 6.6 that the varieties X µ,ν with |Sing(X µ,ν )| = 30 are non-rational up to a finite number of possible exceptions as well.
Artin-Mumford-type double covers
In this section we show that certain double quadrics with an action of the group A 5 are not stably rational. We use the notation of §4.
Note that
Then W is identified with the vector subspace in the space of quadratic forms in variables x 0 , . . . , x 4 subject to the relation
that is spanned by the forms x . Let α be a root of the equation
and put
In particular, one has 
Therefore, the surface S λ is isomorphic to the surface S µ,ν in the notation of §4 for
, ν = − 165α 4 + 164α 3 + 66α 2 + 12α + 1 6(5α + 1) 4 .
Applying Corollary 4.12, we obtain the following result.
Lemma 5.1. The singular locus of the surface S λ is a single S 5 -orbit of twenty ordinary double points, provided that
Remark 5.2. Using Table 1 
respectively, so that S − 1 2 has exactly ten singular points, and all of them are worse than ordinary double ones.
Let ∆ be the determinantal hypersurface in
e. the hypersurface parameterizing singular quadrics in P 3 = P(W 4 ). Let ∆ i ⊂ ∆, i = 1, 2, be the subvariety parameterizing quadrics of rank at most 3 − i. Then ∆ is singular along ∆ 1 , the singularity of ∆ at every point P ∈ ∆ 1 \ ∆ 2 is locally isomorphic to a product of a germ of a surface ordinary double point with A 6 , and the singularity of ∆ at every point of ∆ 2 has multiplicity 3. Applying Lemma 5.1, we obtain the following result.
Corollary 5.3. Suppose that λ is like in (5.4) . Then the surface S λ intersects the subvariety ∆ 1 ⊂ ∆ transversally at 20 points, and has no singular points outside ∆ 1 . In particular, Q λ intersects ∆ transversally at the points of ∆ \ ∆ 1 , intersects ∆ 1 transversally at the points of ∆ 1 \ ∆ 2 , and is disjoint from ∆ 2 .
Let T be a subvariety of
) . Let φ : T → T be the restriction of the tautological quadric bundle over P 9 to T . Our current goal is to find conditions on T to guarantee that T is smooth. This is due to the fact that in our construction we restrict ourselves to a certain subfamily of quadric threefolds in P 9 ; so that we have to check smoothness of (total spaces of) corresponding bundles explicitly as opposed to more standard approaches that make use of generality assumptions, see e.g. [13, Exercise 7.3.2(i)].
Lemma 5.4. Let P be a point of T , and T P be the fiber of φ over P . The following assertions hold.
(i) Suppose that P ∈ ∆. Then T is smooth at every point of T P if and only if T is smooth at P . (ii) Suppose that P ∈ ∆ \ ∆ 1 . Then T is smooth at every point of T P if and only if T is smooth at P , and T intersects ∆ transversally at P . (iii) Suppose that P ∈ ∆ 1 \ ∆ 2 . Then T is smooth at every point of T P provided that T is smooth at P , and T intersects ∆ 1 transversally at P .
Proof. Choose homogeneous coordinates z 0 , . . . , z 3 in P 3 and homogeneous coordinates ζ ij , 0 i j 3, in P 9 . Suppose that T is given in P 9 by equations (5.5)
Then T is given in P 9 × P 3 by equations (5.5) and the equation
Let r be the codimension of T in P 9 , so that T has codimension r + 1 in P 9 × P 3 . The variety T is non-singular at a point P ∈ T P if and only if the matrix M of partial derivatives of equations (5.5) and (5.6) with respect to the variables ζ ij and z i has rank r + 1 at P. If T is singular at P , then the matrix of partial derivatives of equations (5.5) has rank at most r − 1 at P , so that T is singular at every point of the fiber T P .
From now on we assume that T is non-singular at P . Note that the partial derivatives of (5.5) with respect to variables z i vanish at every point, while for a smooth point of T P there exists a partial derivative of (5.6) with respect to some variable z i that does not vanish at that point. Thus we see that the matrix M(P) has rank r + 1 provided that the quadric T P is non-singular at P. In particular, this proves assertion (i).
Suppose that P ∈ ∆ \ ∆ 1 . We have already seen that T is smooth at P provided that P is a smooth point of T P . So we suppose that P is the (unique) singular point of T P . After a suitable change of coordinates z 0 , . . . , z 3 we may also assume that the point P corresponds to the quadratic form The only partial derivative of (5.6) that does not vanish at P is the one with respect to ζ 33 . Similarly, the only partial derivative of the equation of ∆ that does not vanish at the point P is the one with respect to ζ 33 . Therefore, singularity of T at P and transversality of T and ∆ at P are given by the same condition. This proves assertion (ii). Now suppose that P ∈ ∆ 1 \ ∆ 2 , and P is a singular point of T P . After a suitable change of coordinates z 0 , . . . , z 3 we may also assume that the point P corresponds to the quadratic form z 2 0 + z 2 1 = 0, and P corresponds to the point (0 : 0 : α : β) in P 3 . The partial derivatives of (5.6) at P with respect to variables ζ 22 , ζ 23 , and ζ 33 equal α 2 , β 2 and αβ, respectively, while all other partial derivatives of (5.6) vanish at P. The subvariety ∆ 1 ⊂ P 9 is given by vanishing of the 3 × 3-minors of a matrix of a quadratic form. All partial derivatives of these minors except those with respect to ζ 22 , ζ 23 , and ζ 33 vanish at the point P . Therefore, transversality of T and ∆ 1 at P implies that T is non-singular at P. This proves assertion (iii).
Remark 5.5. It would be interesting to have an "if and only if" condition for smoothness of the variety T in terms of the varieties T , ∆ and ∆ i .
In the remaining part of this section we suppose that λ is like in (5.4) . Let X λ be a double cover of Q λ branched over S λ . Put Taking an intersection point of the latter two lines, we define a rational section σ ′ of the quadric bundle ψ. Let R ⊂ Q λ be the closure of the image of σ ′ . Then for a fiber F of ψ one has an intersection R · F = 1 on Q λ .
The fivefold Q λ is naturally embedded into the sixfold Q λ × P 3 as a divisor of bidegree (1, 2). Moreover, Q λ is smooth by Lemma 5.4 and Corollary 5.3.
By the Lefschetz hyperplane section theorem, there is an element
that restricts to the element R ∈ H 4 (Q λ , Z). The fiber F of ψ can be considered both as an element of H 6 (Q λ , Z) and of H 8 (Q λ × P 3 , Z). In the latter group it is divisible by 2. The intersection of F with R on Q λ equals the intersection of F withR on Q λ × P 3 . On the other hand, the former intersection equals 1 while the latter intersection is even, which gives a contradiction.
Corollary 5.7 (cf. [17, Theorem 3.3] ). LetX λ be a blow up of the singular points of X λ . Then there is a non-trivial torsion element in the cohomology group H 3 (X λ , Z). In particular, the varietiesX λ and X λ are not stably rational.
Proof. By Lemma 5.6 the P 1 -bundle π defines a non-trivial element in the Brauer group In fact, this gives the the following more general result (that is actually well-known to experts).
Proposition 5.8. Let X be a very general double cover of a (smooth) three-dimensional quadric branched over an intersection with a quartic. Then X is not stably rational.
Remark 5.9. Since double covers of quadrics branched over intersections with quartics are degenerations of quartic hypersurfaces, Corollary 5.7 implies that a very general quartic threefold is stably non-rational. This result is known from [9] , see also [16] , where another approach was used to obtain it. Moreover, the approach to stable non-rationality of quartic threefolds via double quadrics was used in [28] , and is actually not affected by a gap in [28] that becomes crucial only in higher dimensions.
Projectivization of the irreducible representation
In this section we study the unique double quadric with an action of the group A 5 such that the corresponding quadric is embedded into the projectivization of the irreducible five-dimensional representation of the group A 5 , i.e. the variety X irr in the notation of Theorem 1.2. This will also appear to be the unique double quadric with an action of the group A 6 .
Recall that W 5 denotes the unique five-dimensional irreducible representation of the group A 5 . Note that W 5 can be also considered as a representation of the groups A 6 and S 6 . Put P 4 = P(W 5 ). One has
, where I and W 5 are considered as representations of either of the groups A 5 , A 6 , or S 6 . In particular, in P 4 there is a unique quadric Q invariant under the group A 5 (or A 6 , or S 6 , respectively), and a unique intersection S of Q with a quartic invariant under the group A 5 (or A 6 , or S 6 , respectively). They can be described as follows.
Let W ∼ = I ⊕ W 5 be the six-dimensional permutation representation of the group S 6 . Put P 5 = P(W ), and let y 0 , . . . , y 5 be the homogeneous coordinates in P 5 that are permuted by S 6 . Put 
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In particular, the surface S is defined by equations
Remark 6.1. The quartics given by equation (6.3) were studied in [3] and [8] .
Consider the point P = (1 : 1 : ω : ω :
where ω is a non-trivial cubic root of 1. Let Ξ be the S 6 -orbit of the point P . Then one has |Ξ| = 30. Choose a subgroup A ′ 5 ⊂ S 6 that is isomorphic to A 5 but is not conjugate to the initial A 5 ⊂ S 6 . The restriction of the representation W 5 of S 6 to A 
and the surface S is identified with S µ,ν for
In particular, by Corollary 4.12 one has Sing(S) = Ξ, and the singularities of the surface S are ordinary double points. Let X be a double cover of Q branched over S.
Remark 6.2. By Corollary 4.12 the singularities of X are 30 ordinary double points. The threefold X is the unique double quadric with an action of the group A 6 , see Lemma 3.1.
In the notation of §4 there is an isomorphism X ∼ = X µ,ν for µ and ν given by (6.4), but this isomorphism is not A 5 -equivariant.
Below we will need the following notation. Consider the weighted projective space P = P(1 5 , 2) with weighted homogeneous coordinates y 1 , . . . , y 5 , u, where y i have weight 1, and u has weight 2. The group S 6 acts on P so that H 0 (O P (1)) is identified with the S 6 -representation W 5 . Put y 0 = −(y 1 + . . . + y 5 ), and define the forms σ i (y 1 , . . . , y 5 ) = σ i (y 0 , y 1 , . . . , y 5 ) by formula (6.2). Proposition 6.3 (cf. [3] ). The intermediate Jacobian of X is not isomorphic to a product of Jacobians of curves as a principally polarized abelian variety. In particular, X is nonrational.
Proof. One can write equations of the threefold X in P as (6.5) σ 2 = u 2 − σ 4 = 0.
Consider the equations (6.6) σ 2 − θu = u 2 − σ 4 = 0, θ ∈ C.
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If θ = 0, we can rewrite (6.6) as (6.7) u − θ −1 σ 2 = σ 4 − θ −2 σ 2 2 = 0. The latter equations define a threefold X θ that is isomorphic to a quartic given by (6.3) for ζ = θ −2 . On the other hand, if θ = 0, then (6.6) is rewritten as (6.5) . This shows that the quartic threefolds given by (6.3) or (6.7) degenerate to the double quadric X. All varieties X θ , θ = 0, and X are S 6 -invariant. Note that the singularities of a general threefold X θ , as well as the singularities of X, are 30 ordinary double points that form the S 6 -orbit Ξ ′′ of the point P ′′ ∈ P with coordinates y 1 = 1, y 2 = y 3 = ω, y 4 = y 5 = ω 2 , u = 0, see [3] for details. Put Π = P × A 1 , and let X ⊂ Π be the subvariety X = {(P, θ) | σ 2 (P ) − θu = u 2 − σ 4 (P ) = 0}.
Let π : Π → A 1 be the natural projection, and put X θ = π −1 (θ). Then X θ ∼ = X θ for θ = 0, and X 0 ∼ = X.
Let ϕ :Π → Π be the blow up of the locus Ξ ′′ × A 1 ⊂ Π, and letX be the proper transform of X onΠ. Denote byX θ the proper transform of X θ onΠ. ThenX θ is smooth for a general θ ∈ A 1 , andX 0 is smooth as well. Put C = A 1 \ {θ |X θ is singular}, and denote byX o the preimage of C inX . The fibrationX o → C defines a vector bundle W → C whose fiber W θ over θ ∈ C is identified with the vector space H 2,1 (X θ ), see e.g. [34, §10.2.1]. Moreover, there is a fiberwise action of the group S 6 onX o . It gives rise to a fiberwise action of S 6 on W. By [3, Proposition] one has W θ ∼ = W 5 for θ = 0. Note that representations of finite groups do not vary in families, since there is only a finite number of (characters of) representations of fixed dimension of a given group. Therefore, we have W 0 ∼ = W 5 . Now the assertion of the proposition follows by an argument of [4, §3] .
Remark 6.4. An alternative proof of Proposition 6.3 could be given following the method of [3] step by step, since the singular loci of the variety X and the quartics considered in [4, §2] , i.e. the quartics given by (6.3), arise from the same S 6 -orbit in P 4 .
Remark 6.5. Recall from (5.1) that there is a unique A 5 -subrepresentation isomorphic to W 5 in Sym 2 (W ∨ 4 ). Thus we can conclude from (6.1) that X is a double cover of the A 5 -invariant quadric Q branched over an intersection with the determinantal quartic ∆ ⊂ P Sym 2 (W ∨ 4 ) . However, the approach of §5 is not applicable to prove nonrationality of X since its branch surface S ⊂ Q has singularities outside the singular locus ∆ 1 ⊂ ∆, cf. Lemma 5.4(ii). Proposition 6.3 proves Theorem 1.2(iv). Also, Lemma 3.1, Remark 6.2, and Proposition 6.3 imply Proposition 1.1. Another consequence of Proposition 6.3 is the following result.
Corollary 6.6. The varieties X µ,ν with |Sing(X µ,ν )| = 30 listed in Table 1 are nonrational up to a finite number of (possible) exceptions.
Proof. Every double quadric X µ,ν is naturally embedded into the weighted projective space P, so that X µ,ν ⊂ P is given by equations Put Υ = P × B. Define Z ⊂ Υ as Z = {(P, µ, ν) | P ∈ X µ,ν }.
Let φ :Υ → Υ be the blow up of the locus Σ = {(P, µ, ν) | P ∈ Sing(X µ,ν )} ⊂ Υ, and letZ be the proper transform of Z onΥ. Denote byZ µ,ν the fiber of the natural projectionZ → B over a point (µ, ν) ∈ B. ThenZ µ,ν is smooth. We see thatZ is a family of resolutions of singularities of the threefolds X µ,ν degenerating to a resolution of singularities of the threefold X. On the other hand, we know from Proposition 6.3 that the intermediate Jacobian of X is not isomorphic to a product of Jacobians of curves as a principally polarized abelian variety. Now the required assertion follows from [4, Lemme 5.6.1] applied to the familyZ. 
